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Membrane potential, Donnan potential 

The Nemst-Planck-Poisson equations for the potential profile across a membrane are exactly solved without recourse to the 
assumption of constant field witbin the membrane. It is assumed that the membrane core of thickness d, is covered by a surface 
layer of thickness d, in which the membrane-fifed charges are distributed at a uniform density N. The membrane boundary 
potenti& as well as the diffusion potentials contribute to the membrane potential. It is shown that for d,Zl/w, K being the 
Debye-Hiiel parameter, tbe potential in the membrane surface layer except in the region very near the membrane/solution 
boundary is effectively equal to the Donnan potential and that its contribution to the membrane potential becomes dominant as N 
increases. For low N, on the other hand, the membrane potential arises mostly from the diffusion potential. 

1. Introduction 

A potential difference is generally established 
between two electrolyte solutions at different con- 
centrations separated by an ion-permeable mem- 
brane. This potential difference, called the mem- 
brane potential, plays an important role in electro- 
chemical phenomena observed in various biomem- 
brane systems. As is well known, in the stationary 
state the membrane potential arises both from the 
diffusion potential [1,2] and from the membrane 
boundary potential [3-61. 

In order to calculate the membrane potential 
one must simultaneously solve the Nemst-Planck 
equation and the Poisson equation. Because of the 
mathematical difficulty involved in these equa- 
tions, both being nonlinear, an analytic formula 
for the membrane potential can be derived only if 
the electric field within the membrane is assumed 
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to be constant [1,2]. In this paper we remove this 
constant-field assumption and numerically solve 
the above-mentioned nonlinear equations to 
calculate the membrane potential. 

We use a model for the potential distribution 
which assumes that each side of the membrane 
core is covered by a surface charge layer [7-91. 
This model shows that the potential diffuses over 
a distance of the order of l/~ on both sides of the 
surface charge layer/solution boundary and that 
the potential far inside the surface charge layer is 
in practice equal to the Donnan potential, pro- 
vided that the surface layer thickness 2 l/~. In 
this paper we take into account the above-men- 
tioned diffusive structure of the potential distribu- 
tion across a membrane and examine how these 
membrane boundary potentials contribute to the 
membrane potential and are related to each other. 

2. Theory 

Imagine the stationary flow of electrolyte ions 
across a membrane separating two solutions I and 
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II which contain a u&univalent symmetrical elec- 
trolyte at different concentrations nr and nu, 
respectively. We employ a membrane model [7,9] 
in which each side of the membrane core of tbick- 
ness d, is covered by a surface charge layer of 
thickness d,. In this layer membrane~fixed nega- 
tive charges are assumed to be distributed at a 
uniform density N. We take the x-axis perpendic- 
ular to the membrane with its origin at the 
boundary between the left surface charge layer 
and the membrane core (fig. 1). The potential in 
the bulk phase of solution II is put equal to zero. 
The potential in bulk solution I is thus e&al to 
the membrane potential, which we denote by E,. 

Consider first the regions x < 0 and x > d,. We 
assume that the distribution of electrolyte ions in 
the surface charge layer and in solutions I and II 
is scarcely affected by ionic flows so that it is in 
practice at thermodynamic equilibrium. Accord- 
ingly, the potential 4(x) in these regions is given 
by the Poisson-Boltzmann equations, viz., 

d23, Zen, sinhe(+ - E,) -=- 
dx2 EC0 kT ’ 

x < -d,, (1) 

SOLUTION SOLUTION II 

SURFACE MEMBRANE SURFACE 
LAYER CORE LAYER 

Fig. 1. Model for a charged membrane. The membrane core (of 
thickness d,) is covered by a surface charge layer (of thickness 
d,). The membrane-fixed charges are assumed to be negative 

and are encircled. 

d21C, 2en Is;,e(+-Em) + eN -=- 
dx2 CC0 kT -’ C&O 

-dd,<x<O, (2) 

eN d2# =2en,,si,& 
dx2 E,fO 

kT+--’ 
E,LO 

d,>x>d,+d,, 

d2\CI 2% sinh+ -=~ 
dx2 ‘$0 kT’ 

(3) 

x>d,+d,, (4) 
where 5, is the relative permittivity of solutions I 
and II, co the perrnittiviiy of a vacuum, e the 
elementary electric charge, k Boltzmann’s con- 
stant, and T the absolute temperature. 

Consider next the region 0 <x < d, (i.e., the 
membrane core). We regard this region as a differ- 
ent phase from the surrounding solution phase 
and introduce the ionic partition coefficients be- 
tween the membrane core and the solution phase. 
We denote by b, and b_, respectively, the parti- 
tion coefficients for cations and anions. The elec- 
tric potential #(x) in this region is given by the 
following Poisson equation: 

d2J/= -f-{n+(x)-n_(x)}, 
ax2 

O<n<d,, 

(5) 
where n+(x) and n_(x) are the respective con- 
centrations of cations and anions at position x 
(0 < x < d,) and L: the relative permittivity of the 
membrane core. The flows of cations and anions, 
denoted by J, and J_, respectively, can be ex- 
pressed as 

(6) 
where D, and D_ are the diffusion coefficients of 
cations and anions, respectively, in the membrane 
core. In the stationary state, div J, = d JJdx = 0 
and the net electric current must be zero in the 
absence of external field so that 

J, = J_ = constant (independent of x). 

The boundary conditions for 3(x) are 

#(x) x+ +ca 10, 

(7) 

(8) 
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,dll/ dlC, 
e’dx d,-0 = “dx d,+o’ 

3 W =- 

dx dc+ds-0 dx d.+d,+O’ 

04) 

06) 

(17) 

The boundary conditions for n+(x) and n_(x) 
are 

n*(+O)=b*n*(-O), (18) 

n*(d,-0) =b*n*@,+O), (19) 

wheren,(-O)andn*(d,+O)aregivenby 

n*(-O)=n, exp(Te{J,(-O)-E,}/kT), 
, 

(20) 

rz*(d,+O) =n,, exp(5e$(d,+O)/kT). (21) 

The solution of coupled equations, eqs. 1-7, 
subject to the boundary conditions, eqs. 8-19, 
determines the whole potential profile across a 
membrane. 

3. Results and discussion 

Au example of the numerical calculation for 
several values of N (expressed in M) is given in 
figs. 2 and 3. We have used the following typical 
numerical values: n1 = O.O10 M, nu = 0.1 M, C, = 
78.5, E; = 2, d, = d, = 50 A, D+/D_ = 2, b, = 
1O-3 arid T= 298 K. 

As fig. 2 shows, the potential diffuses at the 
boundaries x=-d,, x=0, x=dc and x-d,+ 
d,. Note that the potential at the boundary be- 
tween the surface charge layer and the solution 
(i.e., 4(-d,) and #(d, + d,)) is different from 

Fig. 2. Potential distribution I/J(X) across a membrane in the 
stationary state for several values of the density of the mem- 
brane-fixed charges N. Curve: (1) N = OX005 M, (2) N = 0.02 
M, (3) N - 0.1 M, (4) N = 0.2 M, (5) N = 0.5 M. Calculated 
when n, = 0.01 M, nit = 0.1 M, d, = d, = 50 A, b + = 0.001, 

c, 3 78.5, c; = 2andT=298K. 

that far inside the surface charge layers. It follows 
from eqs. 2 and 3 that when d, 2 l/q, l/an, 
where K~ = (2n,e2/c~okT)1/2 and aI1 = 
(2n,,e2/r~okT)‘/2 are the DebysHiickel parame- 
ters of solutions I and II, respectively (l/~, = 30 
A and l/KII = 10 A for n1 = 0.01 M and n,t = 0.1 
M), the potential at points far away from the 
boundaries in the surface charge layer (where 
d2#/dx2 = 0) relative to the bulk solution phase is 
effectively equal to the Dounau potential, which 
is, for the region -d, < x < 0, 

443ol-J = -Farcsinh N , 
( i 2nI 

and for the region d, < x -c d, + d, 

&lq= +rcsinh $ . ( i II 

(22) 

(23) 

In this case, by integrating eqs. l-4 once and 
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Fig. 3. Membrane potential E,, contributions from the diffu- 
sion potential E, and the Donnan potential difference AgDoN 
= &ON - &ON as functions of the density of membrane-fixed 
charges N. The values of the parameters used in the calculation 
are the same as those in fig. 2. The dashed line is the ap- 
proximate result for E,,, (eq. 29). As N --+ 00, E,,, tends to the 

Nemst potential for cations (59 mV in the present case). 

substituting the results into eqs. 14 and 17, we 
have 

+(-4) =%%o?.J In9 (24) 

W,+d,)=GorC 
&L Ftanh- 

2kT ’ (25) 

which relate the membrane surface potentials 
$(-d,) and $(d, + d,) to the Donnan potentials 
I&,, and #‘kN. When the potential far inside 
the surface charge layer is effectively equal to the 
Donnan potential, the membrane potential can be 
expressed as 

K-n = MO) - Al + NON - &ON1 
+ [(horJ +Em-46))) 
-(GoN-~(dc))]~ (26) 

where the first term enclosed by brackets on the 

right-hand side corresponds to the diffusion 
potential, the second to the contribution from the 
Donnan potentials in the surface charge layers, 
and the third to that from deviation in the 
boundary potentials at x = 0 and x = d, due to 
the ionic flows. The contribution from the third 
term is normally very small so that the diffusion 
potential E,,, can practically be regarded as arising 
from the diffusion potential and the Donnan 
potential. Note that the Donnan potentials (eqs. 
22 and 23) are independent of the surface layer 
thickness d, and therefore the membrane poten- 
tial depends little on d,, provided that d, 2 l/~,, 
I/%,- 

Fig. 2 (in which the potential far inside the 
surface layer is almost equal to the Donnan poten- 
tial) shows how the contributions from the diffu- 
sion potential and from the Donnan potential 
change with density N of the membrane-fixed 
charges. For very low N the potential in the 
surface charge layer differs little from that in the 
bulk solution phase (the Donnan potential itself is 
very small) and the membrane potential is due 
mostly to the potential gradient in the membrane 
core. In other words, the membrane potential is 
almost equal to the diffusion potential. As N is 
increased, however, the potential gradient in the 
membrane core becomes small, which means that 
the contribution from the diffusion potential de- 
creases. Instead, the potential difference between 
the surface charge layer and the surrounding solu- 
tion becomes appreciable and the membrane 
potential for very large N is determined almost 
solely by this potential difference in each surface 
charge layer. As stated before, this potential dif- 
ference is in practice equal to the Donnan poten- 
tial in each surface charge layer if d, 2 l/~,, l/~~~ 
so that the membrane potential E,,, for large N is 
expressed as 

kT ln =- 

[ 

N/2n,+ ((N/2n,)2+1)1’2 
e iv/2nu + { ( A7/2n,,)2 + 1}1’2 I * 

(27) 

To illustrate more clearly the above-mentioned N 
dependence, we have displayed in fig. 3 the contri- 
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butions from the diffusion and Donnan potentials 
to the membrane potential as a function of N. 

The decrease of the contribution from the dif- 
fusion potential with increasing N can be ex- 
plained as follows. For large N, i.e., for the case 
where the surface layers are highly negatively 
charged, co-ions (i.e., anions) are repelled by the 
membrane so that the membrane is in practice 
impermeable to co-ions and their flow within the 
membrane, J_, decreases. Since the net electric 
current must be zero (J, -J_ = 0), the flow of 
counterions (i.e., cations), J,, must decrease to 
the same extent as J_. That is, all ionic flows 
decrease, resulting in a smaller diffusion potential. 
In the limit of N -+ co, the membrane becomes 
fully impermeable to anions and an equilibrium is 
reached with respect to cations so that the mem- 
brane potential tends to the Nernst potential for 
cations, viz., 

E 

which is obtained by taking the limit N + co in 
eq. 27. In this limit, the membrane behaves like a 
semipermeable membrane (permeable to cations 
only). Note that eq. 28 also holds when b_ + 0, 
irrespective of the value of N. 

As shown in fig. 2, the potential gradient in the 
membrane core is slightly concave (see curve 3, in 
particular). However, deviation from linearity is 
seen to be small in fig. 2. This means that the 
usual assumption of constant field within the 
membrane is not a bad approximation. If we 
employ this approximation, eq. 6 can easily be 
integrated in the following two limiting cases. 
When 4 k Wr, Wn, in which case the poten- 
tial far inside the membrane surface layer is in 
practice the DOMZUI potential, the constant-field 
assumption yields [3] 

with 

P, =b,D,/d,, (30) 

where P, and P_ are the permeabilities of cations 
and anions, respectively. The approximate result 
calculated from eq. 29 is plotted in fig. 3 in 
comparison with the exact numerical results. A 
good agreement is obtained: the relative error is 
less than a few percent. On the other hand, in the 
limit d, * 0 with Nd, kept constant, we can then 
obtain the following formula [5,6]: 

E =gln p+nfIe-e”:‘/kT+ p_nIe&kT 
m e p+n,e-&kT+ p_n,,e4’P/k’ 

1 

+J/:* -4’,, (31) 

where 

@n,cy;kT)‘/ ’ 1 
(32) 

(33) 
Eqs. 32 and 33 are the familiar Gouy-Chapmann 
double-layer potential of the membrane surface 
with a surface charge density a = -eNd,. 
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